Mathematica 11.3 Integration Test Results

Test results for the 218 problems in "8.2 Fresnel integral
functions.m"

Problem 9: Unable to integrate problem.

FresnelS[b x]
j— dx

X
Optimal (type 5, 73 leaves, 3 steps):

lJibxHyper‘geome‘cr‘icPFQ[{l, l}, {i, i}, -=ib?nx?] -
2 2 2

N

2
Ejbeyper‘geometr‘icPFQHl, l}, {E, i}, fjbznxz]
2 2 2 2 2

Result (type 8, 10 leaves):

FresnelS[b x]
J— dx

X

Problem 22: Result more than twice size of optimal antiderivative.

JFr‘esnelS [a+bx] dx

Optimal (type 4, 36 leaves, 1step):

Cos[in(a+bx)2] (a+bx) FresnelS[a+bx]
+

bt b

Result (type 4, 89 leaves):

2 1
COS[aTN]COS[ab”X+§b2”X2] aFresnelS[a+bx]
+ +

b b

Sin[a%”] Sin|a b7rx+ib2nx2]

x FresnelS[a +b x] -

bt

Problem 28: Result more than twice size of optimal antiderivative.

JFr‘esnelS [a+bx] dx

Optimal (type 4, 36 leaves, 1 step):
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COS[%”(‘E‘*bX)Z} (a+bx) FresnelS[a+bx]
N

b st b

Result (type 4, 89 leaves):

a’n 12 2
Cos | 2”]Cos[ab7rx+2b x| aFresnelS[a+b x]
+ +

b st b

Sin[azT"] Sin[a b7rx+ibzzrxz]

X FresnelS[a+bx] -
b

Problem 31: Unable to integrate problem.

jx7 FresnelS[bx]? dx

Optimal (type 4, 253 leaves, 23 steps):

105 x2 7 x6 55 x2 Cos [b2 tx?]  x® Cos[b? 1 x?|
_ . _ N _

16 b® n* 48 b2 52 16 b® 16 b2 72
35 x3 Cos [i b2 7 x2| FresnelS[bx] X’ Cos [i b2 7 x2| FresnelS[b x]

+
4 b° 73 4b i
105 FresnelS[bx]2 1 105 x FresnelS[b x] Sin{%bznxz]

+ = x8FresnelS[bx]%+ -

8 b8 54 8 4 b7 74

7 x° FresnelS [b x] Sin[ibzﬂxz] 10Sin[b2 7 x?] 5 x4 Sin[b? 2]
+ _
4 b3 n? b® ° 8 b4 3

Result (type 8, 12leaves):

JX7 FresnelS[bx]?%dx

Problem 33: Unable to integrate problem.

st FresnelS[b x]2 dx

Optimal (type 5, 265 leaves, 16 steps):
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5 x4 11 Cos [b? 71 x| ) x? Cos [b2 7 x2 | 5XCOS[ib27TX2] FresnelS[b x] )
24 b2 2 6 b® 4 12 b2 72 b> 53

x° Cos [i b2 7 x?| FresnelS (b x]

5 FresnelC[b x] FresnelS[b x]
+ +

3br 2 b® 3

1 5 i x? HypergeometricPFQ[ {1, 1}, {i, 2}, —ij b2 7 x2|
= x® FresnelS[bx]? - +
6 8 b* 3

5 i x? HypergeometricPFQ[ {1, 1}, {3, 2}, %]']. b2 7t x?]

8 b* 3

5 x3 FresnelS [b x] Sin[i b2rx?| 742 Sin[b2 %2

3 b3 n? 12 b* 53
Result (type 8, 12leaves):

st FresnelS[bx]? dx

Problem 35: Unable to integrate problem.

Jx3 FresnelS[b x]2 dx

Optimal (type 4, 140leaves, 10 steps):

352 2 Cos[bzﬂxz} x3 Cos[ibzﬁxz} FresnelS[b x] 3 FresnelsS [b x]2
+ + + +
8 b2 2 8 b2 2 2br 4 b* 72
1 3 x FresnelS[bx] Sin[2 b2 s x?] sin[b? 1 x?]
= x*FresnelS[bx]? - 2 -
4 2 b3 2 2 b* 3

Result (type 8, 12leaves):

ng' FresnelS[bx]? dx

Problem 37: Unable to integrate problem.

Jx FresnelS[bx]2dx

Optimal (type 5, 143 leaves, 5steps):

Cos [b2 1 x?] Xcos[ibzﬂxz} FresnelS[bx]  EresnelC[bx] FresnelS[bx]
+ - +
4 b2 72 br 2b2
1 i x? HypergeometricPFQ[ {1, 1}, {2, 2}, - 2 i b? 1 x?]
= x?FresnelS[bx]?+ 2 2 -
2 87t

i x2 HypergeometricPFQ[ {1, 1}, {i, 2}, i]ll b2 7 x2|

8 71
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Result (type 8, 10leaves):

Jx FresnelS[bx]? dx

Problem 43: Unable to integrate problem.

FresnelS[b x]2
J— dx

x5

Optimal (type 4, 127 leaves, 9 steps):

b2 b2Cos|[b2nx?] b>rCos[;b?rx*| FresnelS(bx] 3

- + - - — b* 7% FresnelS [b x]?% -

24 x? 24 x2 6 x 12
Fresnels[bx]2 D Fresnels[bx] Sin[ibznxz] 1
- + — b*w SinIntegral [b® rr x?|
4 x4 6 x3 12

Result (type 8, 12leaves):

dx

JFr'esneIS[b x]?
5

X

Problem 47: Unable to integrate problem.

FresnelS[b x]?
j— dx

X9

Optimal (type 4, 242 leaves, 20 steps):

b2 bS 72 b2Cos|[b2nx?]  b° 2 Cos b2 x?]
- . + -

336 x5 1680 x? 336 x° 336 x2

b3 nCos[% b2 nxz] FresnelS[bx] b’ 3 Cos [i b? 7TX2] FresnelS[b x]
+ +

140 x° 420 x

1 FresnelS[bx]2 b Fresnels(bx] Sin[2 b2 x?]
—— b® 7* FresnelS[bx]? - - 2 +
840 8 x8 28 x’

b5 72 FresnelS [b x| Sin[ibznxz] b4 nSin[b2rx?] 1

- - —— b8 x® SinIntegral [b® i x?|

420 x3 420 x* 280
Result (type 8, 12leaves):

FresnelS[b x]?
J— dx

x°

Problem 49: Unable to integrate problem.

J(c +dx)?FresnelS[a+bx]2dx

Optimal (type 5, 497 leaves, 18 steps):
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2d2 x d(bc—ad)Cos[ﬂ(a+bx>2} d? (a+bx)Cos[ﬂ(a+bx)2]
+ + -
3 b2 2 2 b3 12 6 b3 2
5d2 FresnelC[/2 (a+bx]] 2 (bcfad)ZCos[in (a+bx)?] FresnelS([a+b x]
6\/?b37rz : b3 '

2d (bc-ad) (a+bx) Cos[iﬂ(a+bx)2] FresnelS[a + b x]

N
b3 n

2d? (a+bx)2Cos[%7r (a+bx)2} FresnelS[a + b x]

3b3

d (bc-ad) FresnelC[a+bx] FresnelS[a+bx]
+

b3

(bc—ad)2 (a+bx) FresnelS[a+bx]? d(bc-ad) (a+bx>2Fr‘esne15[a+bx]2
b3 * b3 N
d? (a+bx)3Fr'esne15[a+bx}2 (bc—ad)zFr‘esnels[\/? (a+bx)] 1
- +
3 b3 V2 b3 4 b3
id(bc-ad) (a+bx)?HypergeometricPFQ[{1, 1}, {i, 2}, 711‘17r (a+bx)?] -
2 2

1
4 b3
4 d? FresnelS[a + b x] Sin[in (a+bx)?]

id(bc-ad) (a+bx)zHyper‘geometr‘icPFQ[{l, 1}, {i, 2}, 1J'LJT <a+bx)2] -
2 2

3b37?
Result (type 8, 18leaves):

j(c+dx)2 FresnelS[a+bx]2dx

Problem 50: Unable to integrate problem.

J(c +dx) FresnelS[a+bx]*dx

Optimal (type 5, 279 leaves, 10 steps):
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dCos[n (a+bx)?] 2 (bc-ad) COS[%]T (a+bx)?] FresnelS(a +bx]
4 b? 72 . b2 xt

+

d(a+bx) Cos[in (a+bx)?] FresnelS([a+b x]

b2
dFresnelC[a+bx] FresnelS[a+bx] (bc-ad) (a+bx) FresnelS[a+bx]?
2b% : b2 :
d (a+bx)*Fresnels[a+bx]2 (bc-ad) Fresnels[+/2 (a+bx)]
2 b2 ) V2 b2 n "

id (a+bx)*HypergeometricPFQ[ {1, 1}, {3, 2}, 7§]17r (a+bx)?]

8b2
id (a+bx)*HypergeometricPFQ[ {1, 1}, {3, 2}, %jn (a+bx)?]

8 b2
Result (type 8, 16 leaves):

J(c +dx) FresnelS[a+bx]*dx

Problem 57: Result more than twice size of optimal antiderivative.

JFr‘esnels [d (a+blog[cx"]) ] 4
X

X

Optimal (type 4, 65leaves, 3 steps):
Cos[idzn (a+bLoglcx"])?] FresnelS[d (a+blog[cx"])] (a+bLoglcx"])
bdn bn

Result (type 4, 164 leaves):

Cos[iazdzn] Cos [abd?Log[cx"] +ib2d27rLog[c x"]2]

+

bdn
aFresnels[d (a+bloglcx"])] FresnelS|d (a+blog[cx"])] Log[cx"]
+

bn n

Sin[%a2 d? 7] sin[abd? s Log[c x"] %bz d? 7t Log [c x"]?]

bdni

Problem 61: Unable to integrate problem.

c+lib?nx?
e 2 FresnelS[b x] dx

Optimal (type 5, 64 leaves, 4 steps):
ec Er‘-Fi{(%+ ;) b\/?X]Z

1 3 1
- + = 1 b e x? HypergeometricPFQ| {1, 1}, { =, 2}, — i b® 7 x?]
8b 4 2 2
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Result (type 8, 24 leaves):

c+lib?x?
e 2 FresnelS[b x] dx

Problem 62: Unable to integrate problem.

c-1ib2nx?
e 2 FresnelS[b x] dx

Optimal (type 5, 64 leaves, 4 steps):
ecEr"F[(i+i—)b\/7x]2 1

3 1
- = i b e x? HypergeometricPFQ|[ {1, 1}, { =, 2}, - = i b? 1 x?]
8b 4 2 2

Result (type 8, 24 leaves):

c-tib2nx?
e 2 FresnelS[b x] dx

Problem 63: Unable to integrate problem.

) 1
JFresnelS [bx] Sin[c+ = b%nx?| dx
2

Optimal (type 5, 101 leaves, 4 steps):
Cos[c] FresnelS[bx]? FresnelC[bx] FresnelS[bx] Sin[c]

+ —

2b 2b

1 : 2 . 1 L2 2 .
= i b x? HypergeometricPFQ| {1, 1}, {=,2}, -—ib*nx | sinfc] +
8 2

> 2}, 1]'Lbznxz} Sin[c]
2

N W N W

1
— i b x? HypergeometricPFQ| {1, 1}, {
8

Result (type 8, 21 leaves):
JFr'esnelS [bx] Sin[c+ 1 b? s x?] dx
2

Problem 64: Unable to integrate problem.

JCos [c+ 1 b% 7 x?| FresnelS[b x] dx
2
Optimal (type 5, 101 leaves, 4 steps):
Cos|[c] FresnelC[b x] FresnelS[b x]
2b

o il

1
~ i bx?Cos[c] HypergeometricPFQ[ {1, 1}, {
2

8
FresnelS[b x]2Sin[c]

2b

N W N W

1 . 2 s 1 s 2 2
— i bx?Cos [c] HypergeometricPFQ[{1, 1}, { =, 2}, — i b’ nx?] -
8 2
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Result (type 8, 21 leaves):

1 2 2
JCos[c+ = b? 1 x?| FresnelS[bx] dx
2

Problem 71: Unable to integrate problem.

1
st FresnelS[bx] Sin|[ = b? x| dx
2

Optimal (type 4, 232 leaves, 22 steps):

105 x2 7 %6 55x2 Cos [b2 1x2]  xCos[b? x| 35%° Cos[ibzﬂxz] FresnelS[b x|
4b77r4_12b37rz+ 4b7 n* ) 4b3 2 : b® 3 )
x’ COS[ibzﬁXZ] FresnelS[bx]  1g5 Fresnels[bx]2 105X FresnelS[bx] Sin[ibznxz]

b2 : 2b% n* . b8 74 :
7 x5 FresnelS [b x| Sin[%bznxz] 405in[b? 1x2]  5x*Sin[b% 7 x?]
b* 2 . b® > : 2 b> 3

Result (type 8, 22 leaves):
st FresnelS[bx] Sin| 1 b? 7 x?] dx
2

Problem 73: Unable to integrate problem.

1
Jx6 FresnelS[bx] Sin|[ = b? x| dx
2

Optimal (type 5, 248 leaves, 15 steps):

5x4  11Cos[b2nx?| x4 Cos[b? x| 15xCos[§b2nx2} FresnelS[b x]

_ + _ + _
8 b3 12 2b7 14 4 b3 52 b® 3
1
X° Cos | 5 b2 71 x?| FresnelS[bx] 15 fresnelC [bx] FresnelS[bx]
- +
b2 n 2b7 3

15 i x? HypergeometricPFQ[ {1, 1}, {i, 2}, —ij b2 7t x?]

8 b> i3
15 i x2 HypergeometricPFQ| {1, 1}, {%, 2}, ij b2 7t x2]

N
8 b 3
5 x3 FresnelS [b x] Sin[% b2rx?] 7y sin[b? 7 x?]

i
b4 2 4 b 3

Result (type 8, 22leaves):

1
st FresnelS[bx] Sin[ = b?nx?| dx
2
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Problem 75: Unable to integrate problem.

1
Jx“ FresnelS[bx] Sin|[ = b?x?| dx
2

Optimal (type 4, 120leaves, 9 steps):

3x2 X2 Cos[b? i x?] x3 COS[%bZHXZ] FresnelS[b x]
74b37T2 4 b3 2 b2 nt )
3Fresnels[bx]2 3XFresnelS[bx] Sin[>b?x?] Sin[b? %2
2 b 2 : b# 2 : b> 3

Result (type 8, 22leaves):

1
Jx“ FresnelS[bx] Sin[ = b?x?| dx
2

Problem 77: Unable to integrate problem.

1
sz FresnelS[bx] Sin|[ = b? x| dx
2

Optimal (type 5, 137 leaves, 4 steps):

Cos [b2 7 x?] x Cos[ > b? x| Fresnels [bx]
- - +
4b37T2 b27‘(

FresnelC[bx] FresnelS[bx] I x? HypergeometricPFQ[ {1, 1}, {%’ 2}, - i i b?x?]
- +

2b3 1 8br
i x2 HypergeometricPFQ| {1, 1}, {i, 2}, i]ll b2 7 x2|

8br
Result (type 8, 22leaves):
sz FresnelS[bx] Sin| 1 b% 7 x?| dx
2

Problem 83: Unable to integrate problem.
J\Fr‘esneIS[b X] Sin[i b2 7 x?]

dx

x4

Optimal (type 4, 109 leaves, 8 steps):

b b Cos [b2 1t x2 | bZHCos[ibznxz] FresnelS [b x]
- . - -

12 x? 12 x? 3x

FresnelS[b x] Sin[i b2 7 x2|

1
= b3 72 FresnelS[bx]? - + = b? nSinIntegral [b? 1 x?]
6 3x3 6
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Result (type 8, 22leaves):
JFresneIS[b X] Sin[i b2 7 x?]

dx

x4

Problem 87: Unable to integrate problem.
JFr‘esnelS[b X] Sin[% b2 7t x2]

dx

x8

Optimal (type 4, 224 leaves, 19 steps):

b bSn2  bCos[b2nx?| bSn?Cos|b?nx?] banos[%bzﬂxz} FresnelS[b x]
- + + - - +
84 x5 420x? 84 x5 84 x? 35 x°
bbé 3 COS[inHXZ] FresnelS[b x] 1 FresnelS[b x] Sin[%bznxz]
+ b7 7* FresnelS[bx]2 - +
105 x 210 7 x7

b* 72 FresnelS [b x] Sin[%bznxz] b rsin[b2x?] 1
- - — b7 7 SinIntegral [b? st x?]
105 x3 105 x* 70

Result (type 8, 22leaves):
J\FresneIS[b X] Sin[i b2 7 x?]

dx

x8

Problem 91: Unable to integrate problem.

1
st Cos [~ b2 x?| FresnelS[bx] dx
2

Optimal (type 5, 307 leaves, 23 steps):
35 x4 8 40 Cos [b? 7 x?] 5 x* Cos [b? rx?] 195xCos[ib2nx2} FresnelS[b x]
_ _ N _
8b°x3 16br b® > 2 b% 3 b8 n*

+

1
7 x® Cos | 5 b2 71 x?| FresnelS[bx]  1g5 FresnelC [bx] FresnelS[bx]
. _
b* 2 2b° nt

105 i x? HypergeometricPFQ[ {1, 1}, {3, 2}, - i i b2 s x?]

+

8 b7 *
105 i x? HypergeometricPFQ[ {1, 1}, {3, 2}, % ib27x?]  35x3FresnelS[bx] Sin [% b2 7 x2|
- +
8 b7 n* b6 73
x” FresnelS[b x] Sin[ibznxz] 55 x2Sin[b2 rx?] X6 Sin[b? 2]
- +
b2 n 4b7 74 4 b3 72

Result (type 8, 22 leaves):

1
st Cos [ = b2 x?| FresnelS[bx] dx
2
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Problem 93: Unable to integrate problem.

1
JX‘S Cos [~ b2 x?| FresnelS[bx] dx
2

Optimal (type 4, 184 leaves, 16 steps):

15 x2 N 7x2Cos[b2nx?] 5% Cos | b? rx?] FresnelS[bx]
- + + +

4b573 12br 4 b3 3 b* 2
in[1p2 2
15 Fresnels[bx]2 15X FresnelS[bx] Sln[2 b? 7t x?|

- +
2b’ 13 b® 3

x° FresnelS[bx] Sin[ 2 b% 1 x?] 115in[b? 7 x2] x4 Sin[b? 12
- +

b2 2b7 1t 4 b3 2
Result (type 8, 22 leaves):
1
Jx6 Cos |~ b? i x?| FresnelS[bx] dx
2

Problem 95: Unable to integrate problem.

1
JX“ Cos [~ b2 x?| FresnelS[bx] dx
2

Optimal (type 5, 195leaves, 10 steps):

x*  Cos|[b%rx?| 3XCOS[§b2ﬂX2] FresnelS([b x]

_ . N _
8br b5 73 b% 72

3 FresnelC[b x] FresnelS[bx] 3 i x* HypergeometricPFQ| {1, 1}, {i’ 2}, _%j b2 71 x?]
+ _
2 b° 72 8 b3 2
3

3 i x? HypergeometricPFQ[ {1, 1}, {;, 2}, i]'l b2 7 x2|

.
8 b3 2
x3 FresnelS[b x] Sin[% b2rx?]  x2 Sin[b2 7 x?]
.
szr 4b37T2

Result (type 8, 22leaves):

1
JX4 Cos [~ b2 x?| FresnelS[bx] dx
2

Problem 97: Unable to integrate problem.

1
sz Cos | = b? 7 x?] FresnelS[bx] dx
2

Optimal (type 4, 73 leaves, 5steps):
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x2  Fresnels[bx]2 XFresnelS[bx] Sin{ibznxz] sin[b? %2
- - + +
4b 2b3 b2 7 4 b3 2

Result (type 8, 22leaves):
sz Cos | 1 b% 7 x?| FresnelS[bx] dx
2

Problem 99: Unable to integrate problem.

JCos [ 1 b? 7 x?| FresnelS[bx] dx
2
Optimal (type 5, 80leaves, 1step):

FresnelC[b x] FresnelS[bx] 1 . ) . 3 T .,
- = i b x? HypergeometricPFQ| {1, 1}, {=,2}, -=ib*nx |+
2b 8 2 2

1 . 5 A 3 1 . 5 )
= i b x? HypergeometricPFQ| {1, 1}, {=,2}, —ib*nx ]
8 2 2

Result (type 8, 19leaves):

1
JCos[— b? 7 x?| FresnelS (b x] dx
2

Problem 101: Unable to integrate problem.

JCos[i b2 7 x2| FresnelS[b x]

dx

XZ

Optimal (type 4, 48 leaves, 4 steps):

Cos |2 b? 7 x2]| FresnelS (b x] 1
- 2 - ~ b FresnelS[bx]?+ = bSinIntegral[b? s x?]
X 2 4

Result (type 8, 22leaves):
JCOS[%bznxz] FresnelS[b x]

dx

XZ

Problem 105: Unable to integrate problem.

JCOS[; b2 7 x2| FresnelS[b x]

x6

dx

Optimal (type 4, 163 leaves, 13 steps):
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bn b 1 Cos [b2 7 %2 ) Cos |2 by x?| FresnelS[b x] )

60 x?2 24 x? 5 x°

b 2 Cos[i b? 7t x2] FresnelS (b x]

+ — b® 7 FresnelS[bx]? +
15 x 30

2 in[1p2 2 .
b2 7t FresnelS [b x] Sln[2 b2 7t x?] b Sin[b2 7 x?] 7 L
- - b® 7% SinIntegral b it x?]
15 x3 40 x* 120

Result (type 8, 22 leaves):
J\Cos[ibzﬂxz] FresnelS[b x]

dx

x6

Problem 109: Unable to integrate problem.
J\Cos[ibzﬂxz] FresnelS[b x]

dx

X10

Optimal (type 4, 278 leaves, 26 steps):

b3 1t b7 73 11 b3 nCos [b2 1 x2|  5b” 73 Cos [b? it x?] Cos[ibznxz] FresnelS[b x]
- + - +

756 x® 3780 x? 3024 x° 2016 x? 9 x°

b 2 COS[%bZJTXZ] FresnelS[bx] b® 4 Cos[ibznxz] FresnelS[b x]

315 x° 945 x

b9 75 FresnelS[bx]2 b 7TFresnelS[bx] Sin[%bzﬂxz} b® 73 FresnelS [b x] Sin[ibzﬁxz}
. _ _

1890 63 x’ 945 x3
bSin[b2nx?| 67b°n?Sin[b?7x2| 83b°n*SinIntegral|b?x?|
+ +
144 x® 30240 x* 30240

Result (type 8, 22leaves):
JCOS[%bznxz] FresnelS[b x]

dx

X10

Problem 118: Unable to integrate problem.

FresnelC[b x]
J— dx

X

Optimal (type 5, 69 leaves, 3 steps):
3

lbeyper‘geometr‘icPFQ[{l, l}, {= i}, -=ib?x?] +
2 2 2 2 2
lbeyper‘geometr‘icPFQHl, E}, {i, i}, EJ'Lb27rx2}
2 2 2 2 2 2

Result (type 8, 10leaves):



14 | Mathematica 11.3 Integration Test Results for 8.2 Fresnel integral functions.nb

FresnelC[b x]
J— dx

X

Problem 131: Result more than twice size of optimal antiderivative.

JFr‘esnelC [a+bx] dx

Optimal (type 4, 37 leaves, 1step):

(a+bx) FresnelC[a+bx] Sin[iﬂ(aerX)z]

b bt

Result (type 4, 90 leaves):
a FresnelC[a + b x]
b

Cos[abrmx+ 2 b2nx?] Sin[az—”] Cos[az—”} Sin[abrx+ 2 b2x?]
2 2 2 2

+ X FresnelC[a+bx] -

b st b s

Problem 137: Result more than twice size of optimal antiderivative.

JFr‘esnelC [a+bx] dx

Optimal (type 4, 37 leaves, 1 step):

(a+bx) FresnelC[a+bx] Sin[in(a+bx)2]

b b st

Result (type 4, 90 leaves):
a FresnelC[a + b x]
b

Cos[abmx+ 2 b2rx?] Sin["’z—"] Cos[az—"} Sin[abrx+ 2 b2 x?]
2 2 2 2

+X FresnelC[a+bx] -

bt b

Problem 140: Unable to integrate problem.

jx7 FresnelC[bx]? dx

Optimal (type 4, 253 leaves, 23 steps):
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105 x2 7 x6 55 x2 Cos [b2 1 x2|  x® Cos [b? it x?]
+ + - +

16 b® 14 48 b? 52 16 b® 1t 16 b2 2

105 x Cos [i b? 7TX2] FresnelC[bx] 7x° Cos[i b? erz] FresnelC[b x]

4b7 7t . 4 b3 72 )
35 x3 FresnelC[b x] Sin [% b2 7t x2]

105 FresnelC[bx]? 1 5
+ — Xx° FresnelC[b x]“ + _

8 b8 n* 8 4 b° 73
x” FresnelC b x] Sin[ibznxz] 105in[b2 7x?]  5x*Sin[b? x]
- +
4b b8 n° 8 b4 i

Result (type 8, 12leaves):

Jx7 FresnelC[b x]? dx

Problem 142: Unable to integrate problem.

st FresnelC[b x]? dx

Optimal (type 5, 265 leaves, 16 steps):

5X4 11C05[b27TX2] X4COS[bZJTX2] 5X3 Cos[ibzﬂxz} Fl"esnelC[bX]
+ _ _

n
24 b2 2 6 b® s 12 b2 2 3 b3 2

1 . , 5FresnelC[bx] FresnelS[b x]

— X° FresnelC[bx]~ - -

6 2 b 3

5 i x? HypergeometricPFQ[ {1, 1}, {3, 2}, —%i b2 7t x2]

+

8 b* 3
5 i x? HypergeometricPFQ[ {1, 1}, {3, 2}, i]'l b? 7t x?]

+

8 b* i3

5x FresnelC[bx] Sin[ 5 b?x?] x> FresnelC[bx] Sin[J b®71x*] 72 sin[p? 2]

- +

b5 3 3brr 12 b% 53
Result (type 8, 12leaves):

JXS FresnelC[bx]? dx

Problem 144: Unable to integrate problem.

Jx3 FresnelC[b x]2 dx

Optimal (type 4, 140leaves, 10 steps):

| 15
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3x2 X2 Cos[b? %] 3xCos[%b27rx2} FresnelC[bX] 3 fpesnelc (b x]?
- - + +
8 b2 2 8 b2 2 2b3 2 4 b* 72

1 x? FresnelC[b x] Sin[2 b2 x?] Sin[b? %2
—x*FresnelC[bx]? - 2 +

4 2br 2 b* 3
Result (type 8, 12leaves):

Jx3 FresnelC[b x]2 dx

Problem 146: Unable to integrate problem.

Jx FresnelC[bx]? dx

Optimal (type 5, 144 leaves, 5steps):
Cos b2 s x?| . , FresnelC[bx] FresnelS[bx]
-———— + —x*FresnelC[bx]* + +
4 b? 2 2 2b%
i x? Hyper‘geometr‘icPFQ[{l, 1}, {3, 2}, - i i b? erz}

87t
i x2 HypergeometricPFQ| {1, 1}, {3, 2}, i]'l b2 x2|  xFresnelC[bx] Sin[ibzﬂxz]

871 b
Result (type 8, 10leaves):

Jx FresnelC[b x]? dx

Problem 152: Unable to integrate problem.

FresnelC[b x]?2
j— dx

x>

Optimal (type 4, 127 leaves, 9 steps):

b2 b2Cos|[b2nx?| bCos[]b?nx’| FresnelC[bx]
- - - - — b* 7% FresnelC[bx]?%-
24 x2 24 x2 6 x3 12
FresnelC[bx]2 b’/ FresnelC[bx] Sin[%bznxz}
+ - — b* r SinIntegral [b? s x?|
4 x4 6 X 12

Result (type 8, 12leaves):

FresnelC[b x]?
J— dx

x>
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Problem 156: Unable to integrate problem.

FresnelC[b x]2
J— dx

x°

Optimal (type 4, 242 leaves, 20 steps):

b2 bé 72 b2Cos|[b?rx?] b®r?Cos|b?x?]
_ N _ + _
336 x° 1680 x? 336 x° 336 x?
b Cos [i b? 1 x2| FresnelC[bx]  b°n2Cos [i b? 7 x2| FresnelC[b x]
+ +
28 x’ 420 x3

1 FresnelC [b x]2 b3 7t FresnelC [b x] Sin[%bznxz}
—— b8 n* FresnelC[b x]? - + _
840 8 x8 140 x°
b7 73 FresnelC[b x| Sin[ibznxz] b4 nSin[b2x?] 1

+ + —— b8 ® SinIntegral [b® i x?|
420 X 420 x* 280

Result (type 8, 12leaves):

JFr'esnelC[b x]?
9

dx
X

Problem 158: Unable to integrate problem.

j(c+dx)2 FresnelC[a+bx]2dx

Optimal (type 5, 495 leaves, 18 steps):

| 17
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2d? x d(bc—ad)Cos[ﬂ(a+bx>2}

3 b2 2 2 b3 2
d? (a+bx) Cos[r (a+bx)?] 4d2Cos[%7r (a+bx)?] FresnelC[a +bx]

+

6 b3 n? 3 b3 72
(bc—ad)2 (a+bx) FresnelC[a+bx]? d(bc-ad) (a+bx>2Fr‘esne1C[a+bx]2
b3 " b3 '
d? (a+bx)>FresnelCla+bx]2 5d2FresnelC[V2 (a+bx)]
+ +
3b° 6~/2 b3 2
d (bc-ad) FresnelC[a+bx] FresnelS[a +bx] (bc—ad)zFr'esnels[\/? (a+bx)]
+ +
b3 A2 b3

1 id(bc-ad) (a+bx)zHyper‘geometr‘icPFQ[{l, 1}, {i, 2}, —liﬂ (a+bx)2} -

4 b3 2 2

= id(bc-ad) (a+bx)?HypergeometricPFQ[{1, 1}, {i, 2}, ljn (a+bx)?] -
4b3 2 2

2 (bc-ad)®FresnelCla+bx] Sin[irr (a+bx)?]

b3 n

2d (bc-ad) (a+bx) FresnelC[a+bx] Sin[iﬂ (a+bx)2}

b3

2d? (a+bx)?FresnelCla+bx] Sin[%ﬂ<a+bx)2]

3b3 7
Result (type 8, 18leaves):

J(c +dx)2 FresnelC[a+bx]?%dx

Problem 159: Unable to integrate problem.

J(c +dx) FresnelC[a+bx]*dx

Optimal (type 5, 279 leaves, 10 steps):
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d Cos [ (a+bx)2} (bc-ad) (a+bx) FresnelCla+bx]? d <a+bx)2Fr‘esne1C[a+bx}2
- + + +

4 b2 2 b? 2b?

dFresnelC[a+bx] FresnelS[a+bx] (bc-ad) Fr‘esnelS[\/? (a+bXH

+ +

2b2 0 2 b2
id (a+bx)*HypergeometricPFQ[ {1, 1}, {f, 2}, _iiﬂ (a+bx)?]

8b2
id (a+bx)zHyper‘geometr‘icPFQ[{l, 13}, {%, 2}, i]'lﬂ (a+bx)2}

8 b2
2 (bc-ad) FresnelC[a+bx] Sin[izr (a+bx)?] d(a+bx) FresnelC[a+bx] Sin[iﬂ(aerx)z}

b2 b2
Result (type 8, 16 leaves):

J(c +dx) FresnelC[a+ b x]*dx

Problem 166: Result more than twice size of optimal antiderivative.

JFr‘esnelc [d (a+bLoglcx"])] 4
%

X
Optimal (type 4, 66 leaves, 3 steps):

FresnelC[d (a+blog[cx"])] (a+bLog[cx"]) Sin[idzﬁ (a+bloglcx"])?]

bn bdnt
Result (type 4, 165leaves):
aFresnelC[d (a+blog[cx"])] FresnelC[d (a+bLlog[cx"])] Log[cx"]
+

bn n

Cos [abd?Log[c x"] +%b2d27rLog[c x"]2] Sin[ia2 d? |

bdn
Cos[iazdzn} Sin[abd?Loglcx"] +§b2d2ﬂLog[cx”}2]

bdnr

Problem 170: Unable to integrate problem.
jec%ibz”z FresnelC[b x] dx

Optimal (type 5, 64 leaves, 4 steps):
ieErfil (24 2) by x]*

LR
2 2

1 3 1
+ = b e x? HypergeometricPFQ[ {1, 1}, { =, 2}, ~ ib?nx?|
8b 4 2 2

Result (type 8, 24 leaves):
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c+lib?x?
e 2 FresnelC[b x] dx

Problem 171: Unable to integrate problem.

c-1ib2nx?
e 2 FresnelC[b x] dx

Optimal (type 5, 64 leaves, 4 steps):
i e Erf[ (L4 1) b ]

PER, 1 3 1
22 + = b e® x? HypergeometricPFQ[ {1, 1}, {=,2},-= i b2 7 x?]
8b 4 2 2

Result (type 8, 24 leaves):

c-Lib2nx?
e 2 FresnelC[b x] dx

Problem 172: Unable to integrate problem.

JFr‘esnelC [bx] Sin[c+ 1 b? 7 x?] dx
2
Optimal (type 5, 101 leaves, 4 steps):
Cos[c] FresnelC[b x] FresnelS[b x]
n
2b

o i

1
~ i bx?Cos[c] HypergeometricPFQ| {1, 1}, {
2

8
FresnelC[b x]2Sin[c]

1
— i bx?Cos [c] HypergeometricPFQ[ {1, 1}, {
8

N W N W

s 2}, l]'lbzzrxz} +
2 2b

Result (type 8, 21 leaves):
JFr‘esnelC [bx] Sin[c+ 1 b% 7 x?| dx
2

Problem 173: Unable to integrate problem.

JCos [c+ 1 b? t x*| FresnelC[b x] dx
2
Optimal (type 5, 101 leaves, 4 steps):
Cos[c] FresnelC[b x]? B FresnelC[b x] FresnelS[b x] Sin[c]
2b 2b

1., . 1.5 o7
— i b x? HypergeometricPFQ|[ {1, 1}, {=, 2}, - — i b?nx?| Sin[c] +
8 2
1. 5 27
» 2}, —ib*rx?] sinfc]
2

N JWN | W

1
= i b x? HypergeometricPFQ| {1, 1}, {
8

Result (type 8, 21 leaves):
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1
JCos[c+ = b2 x?| FresnelC[bx] dx
2

Problem 180: Unable to integrate problem.

1
st Cos | = b? 7 x?| FresnelC[bx] dx
2

Optimal (type 4, 231 leaves, 22 steps):

105 x2 7 %6 55 x2 Cos [b? 7 x2| x5 Cos b2 x2] 1@5XCOS[%b27TXZ] FresnelC[b x]
4b77r4_12b37rz_ 4 b7 7t ’ 4 b3 2 ; b8 4 '
7 x5 COS[ibzﬂXZ] FresnelC[bX] 1p5 fresnelC[bx]2 35X FresnelC[bx] Sin[ibzﬂxz]
b* 2 : 2b° : b 3 :

x’ FresnelC[bx] Sin[ 2 b>rx*|  4gsin[b?rx2| 5x*Sin|[b?nx?
N .
b2 7t b® ° 2 b3

Result (type 8, 22leaves):

1
st Cos [~ b2 x?| FresnelC[bx] dx
2

Problem 182: Unable to integrate problem.

1
st Cos | = b? 7 x?] FresnelC[bx] dx
2

Optimal (type 5, 247 leaves, 15 steps):

5x4  11Cos[b2nx?] x*Cos|[b?rx?] 5 x3 Cos[%bzﬂxz} FresnelC[b x]
- - + + +
8 b3 12 2b7 7t 4 b3 72 b* 2

. . 3 1.
15 FresnelC[b x] FresnelS[bx] 151 HypergeometricPFQ[ (1, 1}, {E’ 24, - St b2 7t x? |
N _

2b7 3 8 bS 3

15 1 x2 Hyper‘geometr‘icPFQ[{l, 1}, {%, 2}, %]'l bznxz]

8 b° 3
15 x FresnelC[b x| Sin[ibznxz] x5 FresnelC[b x] Sin[%bzﬂxz} 7 x2sin[b? 7 x2]

i _
b® 3 b2 4 b5 53

Result (type 8, 22 leaves):

1
Jx(’ Cos | = b? 7 x?] FresnelC[bx] dx
2

Problem 184: Unable to integrate problem.

1
Jx“ Cos [~ b2 x?| FresnelC[bx] dx
2
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Optimal (type 4, 120 leaves, 9 steps):

1
3 %2 ) X2 Cos [b? %2 ) 3XCOS[;b27TX2] FresnelC[b x]

4 b3 52 4 b3 2 b% 2

3 FresnelC[bx]2 X FresnelC[bx] Sin[ibzﬂxz} Sin|[b2 s x?]|

+ —

2 b5 2 b2 nt b5 73

Result (type 8, 22leaves):

1
Jx“ Cos [~ b2 x?| FresnelC[bx] dx
2

Problem 186: Unable to integrate problem.

1
sz Cos [~ b2 x?] FresnelC[bx] dx
2

Optimal (type 5, 136 leaves, 4 steps):

Cos[b?x?]  FresnelC[bx] FresnelS[bx]
4 b3 52 2b3 7
i x2 HypergeometricPFQ[ {1, 1}, {f, 2}, - i i b2 x?]

+

8br
3

i x? HypergeometricPFQ[ {1, 1}, {2, 2}, i]']. b2 x?]  xFresnelC[b x] Sin[i b2 7t x2]

2

+

8br
Result (type 8, 22 leaves):

1
sz Cos [~ b? s x?] FresnelC[bx] dx
2

Problem 192: Unable to integrate problem.
JCos[ibznxz] FresnelC[b x]

X4

dx

Optimal (type 4, 109 leaves, 8steps):
b bCos[b2rx2] Cos[]b?nx?] FresnelC[bx]

12 x2 12 x?2 3 x3

b2 5t FresnelC[b x] Sin [% b2 7t x|

1
= b3 7% FresnelC[bx]?%+
6 3 X

Result (type 8, 22leaves):
J\Cos[ibzﬂxz] FresnelC[b x]

dx

x4

b2

- = b’ nSinIntegral [b? it x?]
6
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Problem 196: Unable to integrate problem.

JCos[i b2 7 x2| FresnelC[b x]

dx

x8

Optimal (type 4, 224 leaves, 19 steps):

b bSs2  bCos|[b?rx2| b°n?Cos|b?mx?] COS[%bznxz]Fr‘esnelqu]
- + - + _

84 x® 420 x? 84 x® 84 x? 7 x7

b 2 Cos[ibznxz] FresnelC[b x] 1 b2 7t FresnelC[b x] Sin[ibzﬁxz}
+ b’ 7* FresnelC[bx]?% + -
105 x3 210 35 x°

bé 7 FresnelC[b x] Sin[ 2 b? 7 x?| b rSin[b2rx?] 1
2 + + — b’ 7® SinIntegral [b? y x?]
105 x 105 x* 70

+

Result (type 8, 22leaves):
J\Cos[ibzﬂxz] FresnelC[b x]

dx

x8

Problem 200: Unable to integrate problem.

1
st FresnelC[bx] Sin|[ = b?x?| dx
2

Optimal (type 5, 308 leaves, 23 steps):
35 x4 x8 40 Cos [b2 i x?|  5x*Cos|b?rx?|

- + - + +
8b>y® 16b b° > 2b% 3

35x3 Cos |1 b2x?| FresnelC[bx] x’Cos|[Lb2nx2| FresnelC[b x]
2 2
- +

b6 53 b2
. . 3 1.
105 FresnelC[b x] FresnelS[bx] 1051’ HypergeometricPFQ[ (1, 1}, {E’ 2}, - ot b? yr x? |
+ _
2b% n* 8 b7 5

105 i x? HypergeometricPFQ[ {1, 1}, {%, 2}, %]']. b2 x2] 105 x FresnelC[b x] Sin[% b2 7 x?]
- +
8 b7 54 b8 4
7x® FresnelC[bx] Sin[ b’ rx?] 5542 sin[b> 7 x?]  x6Sin[b? 7 x?]

n
b% 72 4 b7 74 4 b3 52

Result (type 8, 22 leaves):

1
st FresnelC[bx] Sin|[ = b?x?| dx
2
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Problem 202: Unable to integrate problem.

1
JX‘S FresnelC[bx] Sin|[ = b?x?| dx
2

Optimal (type 4, 185leaves, 16 steps):

15 x2 6 7 x? Cos [b2 71 X2 15xCos[ib27rx2] FresnelC[b x]
- + + + -

4b5732 12br 4 b5 53 b® 3

x° Cos[szﬂxz] FresnelC[bX] 15 FpesnelC[b x]?2
— +
b2 7t 2b7 3

5 x> FresnelC[bx] Sin| > b? 71 x?| 115in[b? 7 x?] x4 Sin[b? 12
- +

b* 2 2b7 7t 4 b3 52
Result (type 8, 22 leaves):
1
Jx6 FresnelC[bx] Sin|[ = b?x?| dx
2

Problem 204: Unable to integrate problem.

1
JX“ FresnelC[bx] Sin|[ = b?x?| dx
2

Optimal (type 5, 196 leaves, 10 steps):

4 Cos[b2nx?] X Cos [ b?rx?| FresnelC[bx]

X
N _ _
8br b5 3 b2
3 i x? HypergeometricPFQ[ {1, 1 2,2}, -2 ib2x?]
3 FresnelC[b x] FresnelS[b x] 1 yperg {1, 1}, {2’ }s , 1o
- +
2 b° 72 8 b3 2
3 i x? HypergeometricPFQ[ {1, 1}, {%, 2}, i]'leJTXZ}
8 b3 2 :

3 x FresnelC[bx] Sin| 2 b%rx’] x2 Sin[b2 1 x?]
N
b47T2 4b37T2

Result (type 8, 22leaves):

1
jx‘* FresnelC[bx] Sin|[ = b?x?| dx
2

Problem 206: Unable to integrate problem.

1
sz FresnelC[bx] Sin[ = b?x?| dx
2

Optimal (type 4, 74 leaves, 5steps):
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2 xCos[inJTxZ] FresnelC[bX] Epesnelc(bx]? Sin[b? rx?]
- + +

4b b2 2b3 1 4 b3 2

Result (type 8, 22leaves):
sz FresnelC[bx] Sin| 1 b? 7 x?| dx
2

Problem 208: Unable to integrate problem.

JFr‘esnelC[b X] Sin[1 b? 7t x?| dx
2
Optimal (type 5, 80leaves, 1step):

FresnelC[b x] FresnelS[bx] 1 . ) . 3 T .,
+ = i b x? HypergeometricPFQ| {1, 1}, {=,2}, -=ib*nx ] -
2b 8 2 2

1 . 5 A 3 1 . 5 )
= i b x? HypergeometricPFQ| {1, 1}, {=,2}, —ib*nx ]
8 2 2

Result (type 8, 19leaves):

A 1
JFr‘esnelC[b x] Sin|[ = b? 7 x?] dx
2

Problem 210: Unable to integrate problem.
JFr‘esnelC[b X] Sin[i b2 7 x2]

dx

XZ

Optimal (type 4, 48 leaves, 4 steps):

FresnelC[b x] Sin{% b2 7t x2|

1 2 ; 2 2
~ b FresnelC[bx]? - + = bSinIntegral|[b® x?|
2

X 4

Result (type 8, 22leaves):
JFr‘esnelC[b X] Sin[% b2 7t x2]

dx

XZ

Problem 214: Unable to integrate problem.

JFr'esnelc [bx] Sin[i b2 7t x2]

x6

dx

Optimal (type 4, 163 leaves, 13 steps):
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b3x b3 Cos b2 2] banos[ibznxz} FresnelC[b x]

60 x? 24 x? 15 x3
1 FresnelC[b x] Sin[% b2 7t x?]
— b°> 73 FresnelC[bx]? - +
30 5x°
b* 7> FresnelC[b x] Sin[ 2 b% rx?] bsin[b?rx?] 7 .
- - —— b® n? SinIntegral [b? st x? |
15 x 40 x* 120

Result (type 8, 22leaves):

JFr‘esnelC [bx] Sin [% b2 7t x2]
dx

x6

Problem 218: Unable to integrate problem.

JFr'esnelc [bx] Sin [i b2 7t x2]
dx

Xl@

Optimal (type 4, 278 leaves, 26 steps):
b3 b7 73 11b3nCos b2 x?| 5b’ 7% Cos|b?rx?] banos[ibznxz] FresnelC[b x]
+ - + -

756 x6 3780 x2 3024 x° 2016 x? 63 x’

1 . 1
b® 3 Cos[; b? 7 x2| FresnelC[b x] ) b° r® FresnelC(bx]2 FresnelC[b x] Sln[; b2 7t x2|

945 x3 1890 9 x°

+

+

b4 72 FresnelC[b x| Sin[ibzﬂxz] b8 7* FresnelC[b x| Sin[i b2 7t x2]

315 x° 945 x
bSin[b? x| 67b°n2Sin[b?x?] 83b°n*SinIntegral|b? s x?]
+ +
144 x8 30240 x* 30240

Result (type 8, 22 leaves):

JFresnelc [bx] Sin [i b2 7TX2]
dx

Xle



Mathematica 11.3 Integration Test Results for 8.2 Fresnel integral functions.nb | 27

Summary of Integration Test Results

218 integration problems

A - 158 optimal antiderivatives

B - 6 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - 54 unable tointegrate problems

E - Ointegration timeouts



